Abstract. Using a novel numerical spectral method, we have found solutions for large static Randall-Sundrum II (RSII) black holes by perturbing a numerical AdS 5 -CFT 4 solution to the Einstein equation with a negative cosmological constant Λ that is asymptotically conformal to the Schwarzschild metric. We used a numerical spectral method independent of the Ricci-DeTurck-flow method used by Figueras, Lucietti, and Wiseman for a similar numerical solution. We have compared our black-hole solution to the one Figueras and Wiseman have derived by perturbing their numerical AdS 5 -CFT 4 solution, showing that our solution agrees closely with theirs. We have also deduced the new results that to first order in 1/(−ΛM 2 ), the Hawking temperature and entropy of an RSII static black hole have the same values as the Schwarzschild metric with the same mass, but the horizon area is increased by about 4.7/(−Λ).
Introduction
In this paper we consider the Randall-Sundrum II (RSII) [1] model, which is a five-dimensional gravitational model. The idea of extra dimensions goes back to 1914, when Nordström made an unsuccessful attempt to describe gravity and electromagnetism simultaneously by introducing one extra spatial dimension [2] . His theory did not turn out to be correct and was replaced by Einstein's theory. Later, Kaluza's work gave birth to the modern Kaluza-Klein (KK) theories [3, 4] . Kaluza considered a five-dimensional spacetime with one additional spatial dimension to unify the fundamental forces of gravity and electromagnetism. Initially these theories were rather a mathematical exercise. The formulation of string theory and M-theory in a space-time with a number of dimensions greater than four has provided more support for the idea of higher dimensions. At first, the size of these extra dimensions was naturally considered to be of the order of Planck length, l pl ∼ 10 −33 cm. This is because in KK theories, using extra compact dimensions, a tower of four-dimensional particles with masses proportional to the inverse size of the compact dimension L −1 are produced. However, the standard model has been successfully tested up to ∼ 100 GeV. In 1983 Rubakov and Shaposhnikov [5] proposed a novel model in which fermions and bosons are confined to a four-dimensional subspace of a higher dimensional space-time. Following a similar direction, D-branes have been introduced in string theory [6] , where fermions, bosons and gauge fields associated with open strings are confined to propagate only along the brane, while gravity, associated with closed strings, can propagate in the bulk. This gave rise to the so-called braneworld models. In simple words a braneworld is a slice through spacetime on which we live and where our standard model physics is confined. Braneworld scenarios also provide a geometrical interpretation of the hierarchy problem, where the electroweak scale m EW ∼ 1 TeV is much smaller than the Planck scale M P l = G −1/2 = 1.2 × 10 16 TeV. Two of the most popular braneworld models are those of Randall and Sundrum [1, 7] .
In the Randall-Sundrum (RS) models our world is considered as a brane or a domain wall embedded in a five-dimensional spacetime with a negative cosmological constant. The Randall-Sandrum model II (RSII) [1] has one domain wall, situated in a five-dimensional bulk asymptotically anti-de Sitter (AdS) space-time. The ground state bulk metric is precisely AdS on each side of the brane at w = 0,
where l is the curvature length scale of the negatively curved five-dimensional AdS spacetime, related to the bulk cosmological constant by l 2 = −6/Λ. This bulk metric satisfies the five-dimensional Einstein equations with a cosmological constant
Each slice of w = const. represents a flat four-dimensional space-time. The comformal factor, which depends on w alone in this case, is known as the warp factor. At w = 0 we have the flat Minkowski metric of a domain wall, or brane. This brane is an infinitely thin brane, which satisfies the Israel junction condition
where [K µν ] is the difference of the extrinsic curvature of the brane on the two sides (w < 0 and w > 0) and γ µν is the induced metric on the brane at w = 0. The brane tension is σ = 3/(4πlG 5 ), where G 5 is the five-dimensional Newton's constant. The bulk Einstein equation plus the Israel junction condition for a brane with the RSII value of the tension and without matter imply that the Ricci scalar of the brane metric is zero for a general asymmetric static metric. Applying linear perturbation theory for the metric (1.1) shows that a Newtonian potential can be reproduced, so four-dimensional gravity is recovered for this theory. One important question is whether the RSII model can describe our universe. For the RSII model to be a candidate for describing our universe, it must admit black hole solutions. There has been much debate, and various conjectures and claims in the last few years, about the existence of a static black hole solution within the RSII model. An exact black hole solution was found for the dimension d = 4 of the bulk spacetime, where the static black hole is localized on a 2-brane [8] , using the so-called C metric [9] . In [10, 11] it was conjectured that based on the AdS/CFT correspondence large static five-dimensional black hole cannot exist. According to [10] , such bulk black holes would necessarily be time dependent, since their duals would describe quantum corrected black holes in a d − 1 dimensional braneworld. However, counterarguments were given in [12] . In [13, 14] nontrivial localized black hole solutions have been found numerically, whose horizon radii were small compared to the bulk curvature scale. In their formulation, the problem was reduced to elliptic equations for metric functions with appropriate boundary conditions. They solved this problem by a relaxation method. Although their method has worked well for the small localized black holes, they could not succeed in finding black hole solutions with large horizon radius. In fact as the mass of the black hole became large, the convergence became worse and the error grew. One can consider the results [13, 14] as evidence for the existence of solutions of a black hole on a brane with a small mass. However, the other interpretation suggested in [15] was that maybe that the growth of the error can be regarded as evidence for the nonexistence of such solutions. Therefore [15] took the task of re-examining of the result of [13, 14] , numerically developing a code having an almost 4th-order accuracy. According to the author, this code derived a highly accurate result for the case where the brane tension was zero, i.e., the spherically symmetric case. However, a nonsystematic error was detected in the cases where the brane tension was nonzero. This error was irremovable by any systematic methods such as increasing the resolution, setting the outer boundary at more distant location, or improving the convergence of the numerical relaxation. Thus, it was suggested in [15] that a solution sequence of a static black hole on an asymptotically flat brane that is reduced to the Schwarzschild black hole in the zero tension limit is unlikely to exist. In [16] the result of [13, 14, 15] was re-examined again employing a different numerical methods, and the result of [15] was confirmed. For other discussions see [17, 18, 19, 20, 21, 22] .
Despite all these claims, Figueras and Wiseman [23] (henceforth FW) recently found such solutions by perturbing an AdS 5 -CFT 4 solution that Figueras, Lucietti, and Wiseman [24] (henceforth FLW) had found earlier by Ricci-DeTurck flow. This AdS 5 -CFT 4 metric is a solution to the Einstein equations with a negative cosmological constant Λ that is asymptotically conformal to the Schwarzschild metric. Because the Schwarzschild metric appears at an AdS 5 boundary with an infinite scale factor, it may be viewed as a black hole of infinite mass.
We had independently searched for and found the infinite-mass black hole solution by a different numerical method and were preparing to perturb it to get large-mass RSII black hole solutions when the Figueras et al. papers appeared. Here expanding upon [25] , we report that our numerical solution agrees well with that of Figueras et al. and thus helps to support the existence of large RSII black holes, despite the doubts expressed by previous work. We point out here that the previous results of [13, 14, 15, 16] have been concentrated on the small black hole regime.
We used a spectral method, expressing the components of the 5-dimensional metric in terms of Legendre polynomials in the two nontrivial coordinates, with the appropriate boundary conditions imposed. We chose the 210 coefficients of the polynomials to minimize the integrated square of the error of the Einstein equation. We have reduced the integrated square of the error of the Einstein equation by eight orders of magnitude from the case with no free parameters (constant polynomials). This strongly suggests that we are numerically near an exact solution, though of course our limited computational resources meant that we could not use an infinite number of parameters to reduce the numerical error all the way to zero. The integrated square error is based on the Gauss-Legendre quadrature numerical method, and the minimization procedure uses the simplex search method for multivariable functions. This approach to solving the Einstein equations is novel, and the good agreement of our results with the Figueras et al. results illustrates the success of the method, especially in comparison with the failure of various previous numerical attempts.
We present an explicit approximate metric for the black hole on the brane. Using this approximate metric we demonstrate that the area of an RSII black hole on the brane is slightly greater than a black hole in pure four-dimensional general relativity, and to leading order, the relations between the mass, Hawking temperature, and Bekenstein-Hawking entropy are precisely the same as in four-dimensional general relativity.
Infinite Black Hole Metric
The first attempt for finding a black hole solution in the RS model was that of Chamblin, Hawking and Reall [26] . They have replaced the Minkowski metric in (1.1) with the Schwarzschild metric; one can in fact replace it with any 4-dimensional Ricci-flat metric. The result is
where U (r) = 1 − 2M/r and where dΩ 2 = dθ 2 + sin 2 θdφ 2 is the unit two-sphere metric. Letting r = 2M/y and w = 2M/v and setting l = 1 gives
The hypersurfaces of constant v are Schwarzschild metrics of mass m(v) = v/2. The curvature at y > 0 diverges at v = 0, so this black string metric is singular. We modify the metric by adding some y 2 terms to remove this singularity, and we also introduce four metric functions to give
We then replace v, which ranges from 0 to ∞, by x = y 2 /(y 2 +v 2 ), so that the metric becomes
where 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 and A(x, y), B(x, y), C(x, y) and D(x, y) are smooth functions of x and y. The coordinate boundaries are these: x = 0 is the infinite AdS boundary that is conformal to the Schwarzshild metric when we impose A = B = C = D = 1 there, y = 0 is the extremal Poincare horizon, x = 1 is the axis of symmetry where the two-sphere shrinks to zero size and where we impose A = D for regularity, and y = 1 is the black hole horizon where we impose the regularity requirement B = C.
In the rest of this paper we choose units in which l = 1, or Λ = −6. We impose these regularity conditions and also solve the Einstein equations to lowest order in x by writing A, B, C, and D in terms of polynomial functions of x and/or y, f (y), g(y),Ã(x, y),B(x, y), C(x, y), andD(x, y) with the following forms:
Our goal is to find the six functions f, g,Ã,B,C, andD such that (2.4) solves the Einstein equation (1.2). To achieve this numerically, we use an optimization method. We first define
which should be zero for a solution to the Einstein equation. Then we define the integrated square error as
where this integral is taken over 0
, and where we choose ∆t = 2π, i.e. the period of an imaginary time coordinate τ = it avoiding a conical singularity at the horizon location y = 1. Assuming that E αβ E αβ falls off fast enough toward the infinite AdS boundary at x = 0, where the metric determinant (5) g ∝ 1/x 6 diverges, the integral converges. Note that for a static metric, the integrand of (2.7) is positive semidefinite, .7), vs. the change in the order of the polynomial expansion for the functionsÃ,B,C, f , and g. Changing the order of the polynomial the number of coefficients which need to be modified change according to the second column. so for a smooth metric, the error integral I will vanish only if one has a solution to the Einstein equation.
We assume the functions f, g,Ã,B,C, andD to be polynomial functions of x and y, and then try to minimize I. For the integration method, we use the Gauss-Lobatto quadrature in two dimensions, and for the optimization method we use an unconstrained nonlinear optimization. We have considered a Taylor series expansion, a shifted-Legendre expansion, and a Pade-Legendre expansion of the f, g,Ã,B,C, andD functions in x and y. The Taylor expansion gave a slow rate of convergence for the optimization. The shifted-Legendre and Pade-Legendre give comparable rates; however, Pade-Legendre has a more complicated form. Thus, the shifted-Legendre series expansion, which is defined on the interval [0, 1], gives the best result among the three. This is what we chose for our computations. We start with the case where f = g =Ã =B =C =D = 0, in other words A = B = C = D = 1. This gives the error integral I ≈ 4038. Then we increase the order of polynomial expansion gradually. The 0th-order polynomial expansion gave a minimum I ≈ 69.6986. For each order, we run the optimization procedure a few times until the value of the integral I remains almost a constant. Table 1 shows the final values of I with increasing order of polynomials. Using the 6th-order polynomial expansion of f, g,Ã,B,C, andD, with a total of 210 coefficients, the integrated squared error was reduced to 0.0004238, nearly eight orders of magnitude smaller than when A = B = C = D = 1. Our numerical accuracy is 10 −10 . The resulting functions f, g, A, B, C, and D are given in Appendix A. The maximum value of the squared error at any point within the 5-dimensional space-time was then E αβ E αβ = 0.000154, as shown in Fig  1. Thus, we appear to have strong evidence that our numerical method is converging toward an exact solution of the infinite black hole metric. Due to a finite amount of resources and time, we have stopped at this order. We have calculated the fourth root of the trace of the square of the Weyl tensor, C 1/4 = (C αβγδ C αβγδ ) 1/4 , for our metric (2.4). Because our metric uses different coordinates from those used by FLW, it is not easy to make many comparisons over the entire bulk five-dimensional manifold. We have found that the value for the fourth root of the square of the Weyl tensor, (C αβγδ C αβγδ ) 1/4 at the corner x = 1, y = 1 (the intersection of the black hole horizon with the axis) to be 4.863 in our metric, which is reasonably near the 5.064 that FLW privately reported to us from their metric. We shall make many more comparisons below for the four-dimensional large black hole metric.
The metric of a t = const cross section of the horizon surface at y = 1 is
8) with
A(x) = 1 + 0.85959x + 0.221970x
We have calculated the Ricci scalar R and the trace of the square of the Ricci tensor, R AB R AB , of the horizon surface in Fig 6(a) . The Ricci scalar at x = 0 is −6 and is equal to 12.17095 at x = 1. The square of Ricci tensor is 12 at x = 0 and reaches 49.37738 at x = 1. Using equation (65) of [27] , which in our case simplifies to
we give in Fig. 6 (b) the Kretschmann scalar of the 5-dimensional space-time calculated on the horizon. The Kretschmann scalar at x = 0 is 40, and it increases to 700.3672 at x = 1.
Finite Black Hole Metrics
After doing the optimization, we have the functional form of our metric including the sixthorder polynomials from the numerical calculation. This metric is conformally Schwarzschild with infinite mass at the infinite AdS boundary at x = 0. In the asymptotically infinite region, the five-dimensional bulk metric near the boundary has the form
where r is the outward proper distance as one approaches the AdS boundary at infinite proper distance, r ∼ ln v, and x is not the same single coordinate used for the numerical calculation but instead denotes all the other four coordinates besides r. Using the Fefferman-Graham (FG) expansion [28, 29, 30] ,g µν can be written as
µν (x) + e −4r g
µν (x) − 2e −4r rh
When the bulk Einstein equation is considered as a second-order differential equation in the radial coordinate r, and when g
µν is the conformal metric on the infinite AdS boundary, the boundary conditions are the conformal metric g (0)
µν and a traceless and divergenceless tensor t µν (x). Then g
µν (x). The terms g (4) µν (x) and h µν (x); see [30] for their exact definitions. For our infinite mass black hole metric, we set g µν (x) = g Sch µν for the RSII brane at r = ∞. Therefore, our conformal boundary metric is the Ricci-flat Schwarzschild metric.
Then, the only non-zero term in (3.2) before the O(e −6r ) terms is the one including t µν (x). The metric has the asymptotic form ) , B(x, y), C(x, y), and D(x, y), which are functions of y. We call them A1(y), B1(y), C1(y), and D1(y) for the coefficients of x and A2(y), B2(y), C2(y), and D2(y) for the coefficients of x 2 . Then, we calculate t r r , t t t , and t θ θ by using these functions with the following formulas:
Plugging back the functions A1(y), B1(y), C1(y), and D1(y) and A2(y), B2(y), C2(y), and D2(y) from our numerical results into the equations for t r r , t t t , and t θ θ , (3.7)-(3.9) gives us t r r (y) = −0.01174y 4 The constraints on t r r , t t t , and t θ θ as the components of a traceless conserved stress-energy tensor are t r r + t t t + 2t θ θ = 0, (3.13)
Equation (3.13) is the traceless condition for the energy-momentum tensor, t µ µ = 0, and equation (3.14) corresponds to ▽ µ t µν = 0. Checking our numerical results for the energymomentum conditions, (3.13) and (3.14), shows small deviations from zero, which can be explained as numerical error. For the traceless condition, the maximum deviation is 4.57 × 10 −4 , and for the ▽ µ t µν = 0 condition, it is 1.82 × 10 −3 . Now, we have the infinite mass black hole metric (3.3), numerically. To find the large but finite mass black hole, we need to perturb our infinite mass metric by replacing the RSII brane at the AdS conformal boundary, r = ∞, with a brane at finite r = − ln ǫ for ǫ = e −r ≪ 1. The conformal metric g µν (x) is perturbed to
with the perturbation metric h µν . For the metric (3.15), the Ricci tensor is not zero, and the same is true for the e −2r term in the FG expansion. The perturbation would effect the form of t µν (x) as well. However, because it is multiplied by e −4r in the FG expansion, and we are working to lowest non-trivial order in ǫ 2 , we can still use the values of t µν (x) from the infinite mass black hole bulk solution.
The second fundamental form is
µν (r, x)], where we are using the opposite sign convention from FW, so that our second fundamental form is half the positive derivative with respect to distance from the brane of the induced metric on the four-dimensional hypersurfaces at each constant distance, with the derivative evaluated at zero distance from the brane. Therefore, to first order in ǫ 2 , the Israel junction condition gives µν in (3.15). The induced metric on the brane can be found as
The bulk Einstein equation plus the Israel junction condition on the brane without matter imply that the Ricci scalar for the metric on the brane is zero. To first order in 1/R 2 0 = ǫ 2 = (3/2)/(−ΛM 2 ), the metric on the brane is
For a general metric on the brane, working in the gauge h t t = 0, we have
with
According to (3.23), using t r r from the numerical result leads us to find F (y) and the h µν components afterwards.
It can be shown that the asymptotic behaviour of t µν goes as y 5 , and we know that t µν is traceless. Considering the above charactristics for t µν , we try to find the traceless conserved fits for t r r , t t t , and t θ θ back in (3.23). We define F (y) as a polynomial with unknown coefficients, and definet r r ,t t t , andt θ θ as follows:
where finding fits for our numerical energy-momentum tensor components as functions of y will help us to compare our results with the FLW results in the next section.
RSII black hole metric on the brane
We can now write the metric on the brane in terms of the function F . Define (2M ) 2 ≡ 1/ǫ 2 = 6/(−Λǫ 2 ) and the new radial coordinate ρ = 2M/y. Then, to first order in ǫ 2 = (3/2)/(−ΛM 2 ), the metric on the brane reads
where we have rescaled the time coordinate t by a factor of 4M so that γ tt = −1 at ρ = ∞. One can show that to have the leading order of the Einstein equation for the fivedimensional infinite black hole metric (2.4) satisfied at the corner x = 0 and ρ → ∞, the asymptotic behavior of β, γ, and δ must be as 1/ρ 5 for ρ >> 2M . This is in accordance to the result of Figuras and Wiseman [23] and [24] , that t µν goes as 1/ρ 5 . This asymptotic behavior of t µν implies that F approaches unity as ρ → ∞. To fit to our data t (2) µν (x) = t our µν (x), and to fit to the FLW data, which they have kindly sent us, t (1) µν (x) = t FLW µν (x), we took F 1 = F FLW and F 2 = F our to be cubic polynomials in y ≡ 2M/ρ with the constant coefficient set to unity, and F 11 to be an 11th order polynomial with the constant coefficient set to unity and then chose the other coefficients in each case to minimize the respective
For the two values of i (i = 1 for the FLW data and i = 2 for our data), in the numerator Figure 7 . At the top is an 11th-order polynomial fit F 11 to the FLW data, which gave normalized mean-square error J 11 = 0.0000572, 92% of J FLW . Because the differences from F 11 of the cubic fits F FLW and F our are too small to show up when plotted directly on this graph, at the bottom we have expanded these differences by a factor of 50 and plotted 50(F FLW − F 11 ) (bottom curve) and 50(F our − F 11 ) (middle curve).
µν is the difference between the t F i µν (x) given by the cubic for F i (x) and the t (i) µν given by the numerical data. To find the 11th order polynomial fit to the FLW data, ∆t 11 µν = t F 11 µν − t FLW µν , the difference between the t F 11 µν (x) given by the 11th order fit F 11 and the t FLW µν given by the FLW numerical data. The integral in the denominator was included to make J a normalized mean-square error. It has t FLW µν (x) given by the FLW numerical data, the same in each case to give a constant normalizing factor. The factor of ρ 4 was included to increase the weight of the large-ρ part, though the integrals are still dominated by the small-ρ part, since t µν (x) drops off asymptotically as the inverse fifth power of the radial coordinate ρ [23, 24] . For small 1/(−ΛM 2 ), Eq. (4.2) is approximately equivalent to
We minimize (4.3), finding the coefficients of F 1 = F FLW and F 2 = F our . For the FLW numerical data t FLW µν (x), J 1 was minimized at J FLW ≈ 0.0000620 with
For our numerical data t our µν (x), the normalized mean-square error J 2 was minimized at J our ≈ 0.00139 for
Our data is less accurate than the FLW data, giving J our ≈ 22J FLW . This is not unexpected, since we varied only 210 parameters in our spectral method, whereas FLW used grids of 40 × 40 (or 1 600 points) and of 160 × 160 (or 25 600 points). Also, the individual coefficients of these two cubics have large relative differences, but the ratio of the two cubics themselves never differs by more than 1.3% from unity, so they show good agreement between what is generated by our numerical data and by what is given by the FLW data.
We then found an 11th-order polynomial F 11 to the FLW data, which gave normalized mean-square error J 11 ≈ 0.0000572 for We have compared F 11 , F our , and F FLW in Fig 7. Using F our , F FLW , and F 11 , we can derive the corresponding t F 11 µν derived from the 11th order fit F 11 to the FLW data, t F FLW µν derived from the cubic fit F FLW to the FLW data, and t Four µν derived from the cubic fit F our to our data. In part (a) of Figs. 8, 9, and 10 we have considered the ratios of each of the three individual components of the three versions of t νF i µ (i = 1 for F FLW , i = 2 for F our and i = 11 for F 11 ) to t νF LW µ . These ratios were generally within 1 − 2% of unity, with the maximum differing by less than 2.9%.
In Fig 11 (a) is within 2.8% of unity. The meansquare error between the t Four µν (x) generated by our F our fit to our data and the t F FLW µν (x) generated by the F FLW fit to the FLW data, using in Eq. (4.3) ∆t
, is J 4 = J our fit vs. FLW fit ≈ 0.000146 ≈ 2.4 J FLW . Thus, the t Four µν (x) generated by our F our fits the t F FLW µν (x) generated by the F FLW fit to the FLW data nearly 9 times better than it fits the t our µν (x) directly extracted from our data, which is not quite traceless and conserved, as the t Four µν (x) generated by the fitting F our is constrained to be. We also calculated J 5 = J F 11 fit vs. FLW fit ≈ 0.000004793, where now in Eq. (4.3) ∆t
. Furthermore, we calculated J 6 = J F 11 fit vs. our Four fit ≈ 0.000156, where ∆t
The mean-square error between the t Four µν (x) generated by our F our fit to our data and the FLW data, t F LW µν (x), using in Eq. (4.3) ∆t Let us consider the trace of the square of energy momentum tensor,
We have plotted T F 11 derived from t νF 11 µ 's in Fig 11 (b) . We made comparison between T F i 's and T F LW which is directly given by the FLW data, Fig. 12 (a) . The T F i 's and T F LW are in agreement within 3.9%. In addition from Fig 12 (b) the T F i and T F j are in agreement within 4%.
We have calculated h y y from F 11 , F FLW , and F our using Eq. (3.20) , where h y y generated from F 11 is shown in Fig. 13(a) . The ratio of the h y y generated by F our to F FLW , which involves a derivative of F as given in Eq. (3.20) , differ by up to about 9.3%, as shown in Fig.  13(b) , while the ratio of the h θ θ = h φ φ , generated by using Eq. (3.22), F our , and F FLW agree with unity to a very good precision of 1.3%, as shown in Fig. 14(b) . , derived from the cubic fit F FLW to the FLW data, and the t tF11 t , derived from the 11th order fit to the FLW data, times 10, i.e., 10(t tFLW t − t tF11 t ). The green line is the difference between the t tFour t , derived from the cubic fit to our data, and the t tF11 t , derived from the 11th order fit to the FLW data, multiplied by 10, i.e., 10(t Having found F 's up to a good accuracy for both our numerical data and the FLW data, we can calculate some of the parameters of a RSII black hole on the brane as given by the metric (4.1). The ADM mass, temperature, entropy and area of the RSII black hole on the brane, up to first order in 1/(−ΛM 2 ), are For any F that has only a constant term and negative powers of ρ, such as F FLW given by Eq. (4.4), F our given by Eq. (4.5), and F 11 given by Eq. (4.6), the ADM mass is precisely M and the surface gravity of the black hole is 1/(4M ). Aside from the numerical approximations for determining F , the metric (4.1) is only correct to first order in our perturbation parameter 1/(−ΛM 2 ), so there might be corrections to the surface gravity of a static RSII black hole to second order in 1/(−ΛM 2 ). However, one can deduce that to first order in 1/(−ΛM 2 ), the Hawking temperature and entropy for the RSII black hole have the same values as they do for the Schwarzschild metric.
On the other hand, the horizon area is shifted from the Schwarzschild value A Sch = 4π(2M ) 2 to A RSII = 4π[(2M ) 2 + F (1)/(−Λ)], where F (1) is the value of F on the horizon, at y ≡ 2M/ρ = 1. For the fit to the FLW data, F FLW (1) ≈ 0.372, which gives the area change ∆A = 4πF (1)/(−Λ) ≈ 4.67/(−Λ), as compared to the Schwarzschild black hole with the same ADM mass M . For the fit to the FLW data with the 11th order polynomial F 11 (1) is also ≈ 0.372. For the fit to our numerical data, F our (1) ≈ 0.373, or ∆A ≈ 4.69/(−Λ), which agrees within about 0.3% with FLW fit. Therefore the RSII black hole on the brane has a larger horizon area as compared to the Schwarzschild black hole with the same ADM mass M by the amount ∆A = 4πF (1)/(−Λ) ≈ 4.67/(−Λ), where here we used the FLW data value as probably more accurate.
Conclusion
We have constructed an infinite mass axisymmetric 5-dimensional black hole solution to the bulk Einstein equation with a cosmological constant Λ = −6. To do so, we have first expressed the metric (2.4) in terms of the polynomial functions A, B, C, and D. We then have written these polynomial functions in terms of new ones f , g,Ã,B,C, andD, Eq. (2.5), imposing the regularity conditions, and solving the Einstein equations to lowest order in x. Then, we have used a numerical approach, which to our knowledge is novel in the realm of general relativity, minimizing the integral of the squared error, Eq. (2.7), reducing it from 4038 for A = B = C = D = 1 to 4.2385 × 10 −4 for 6th order polynomials with 210 coefficients. We have obtained a closed-form approximation to the functions A, B, C, and D, and thus the metric (2.4).
We then have used this infinite mass 5-dimensional black hole solution to find the metric of a large Randall-Sundrum II black hole on the brane. Our result is independent numerical evidence in support of the numerical discovery of Figueras and Wiseman [23] of the existence of large static black holes in the Randall-Sundrum II braneworld model [7] , by a significantly different numerical method. We have thoroughly compared our results to theirs and have shown that our results agree quite well with theirs. We have obtained a good closed-form approximation to the metric of the black hole on the brane, Eqs. (4.1) and either (4.4), (4.5), or (4.6). Our confirmation of the large black holes in RS II found by Figueras and Wiseman [23] , and the fact that they are very nearly the same as Schwarzschild black holes, show that the RSII model can still be in agreement with astrophysical observations. If large black holes did not exist in the Randall-Sundrum II braneworld model, the astrophysical observations of such black holes would have been strong evidence against the viability of that model.
We have also shown the new result that to first order in our perturbation parameter 1/(−ΛM 2 ), the Hawking temperature and entropy of the black hole is the same as that of a Schwarzschild black hole of the same ADM mass M, while the RSII black hole on the brane has a larger horizon area as compared to the Schwarzschild black hole with the same ADM mass M by the amount ∆A = 4πF (1)/(−Λ) ≈ 4.67/(−Λ).
A Explicit Form of Functions
The functions A, B, C and D in the metric (2.4), after numerically minimizing the integral of the squared error, Eq. (2.7), by 6th order polynomials with 210 coefficients, are given by the following expressions, with all of the coefficients rounded to five digits after the decimal place:
A(x, y) = 1 + (0.21094 + 0.95771y − 0.32215y 2 
